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Many of the concepts in these notes might be review. However, it is always good to review the basics, and
it might be nice to have a reference for basic topics that are used throughout mathematics.

Sets

We probably will not need much formal set theory this summer, but as it underpins many concepts it is
useful to have some basic properties listed here. It also allows for us to fix notations.

Definition 1. A set is an unordered collection of distinct objects, which are called elements.

A set S is uniquely determined by its elements. If an object s is in a set S we write s € S, and say that s
belongs to S or that S contains s. If, on the other hand, s is not in .S then we write s ¢ S, and say that s is
not an element of S or that S does not contain s.

Note. The statements s € S and s ¢ S cannot be true at the same time.

If A and B are sets, they are identical (i.e. one and the same set), which we write as A = B, if they have
exactly the same elements. In other words, A = B if and only if for all a € A and b € B, we have a € B and
be A

Equivalently, we write A # B if they are not equal, that is, if there is a difference in their elements. In other
words, A # B if and only if there exists an a € A such that a ¢ B or a b € B such that b ¢ A.

Example 1. There are some useful common sets that are used throughout mathematics. They are:

1. The empty set or null set is the set with no elements. It is usually denoted
{} or ). The empty set () is uniquely determined by the property that for
all x we have x € (). This property also says that there is exactly one empty
set.

2. A singleton set or simply singleton is a set with exactly one element.
This is often denoted {*}, {pt}, or {z} when z is an explicit element of the
singleton set. In spoken language the phrase “the singleton z” refers to the
set {z}, and it is important to differentiate between {z} and x. That is,
x # {x}.

It is common to adopt as an axiom that no set is an element of itself. This
does not preclude a set from being an element of another set. For example,
{{z}} is the singleton with the unique object {z}. In particular, we have

that {o} # {{z}}.



3. Other important commonly used sets are R, the real numbers; C, the
complex numbers; N, the natural numbers; Z, the integers; Q, the
rational numbers.

Usually the natural numbers N are defined to not include zero:
N:={1,2,3,4,---}
and the integers are then given by
Z={-,-3-2-1,01,23,}
where - -- denotes a continuation of the pattern, and := denotes “the set is defined to be...”.

The set builder notation allows for more options to describe membership of a set. For example, we could
denote the set of even numbers by
2Z :={2a | a€Z}

It can be common to replace the vertical bar | with a colon :
0,1)={zeR : 0<z<1}

In either case the : or | is read as “such that”, e.g. t € R : 0 <z < 1 is read as “the real numbers z such
that x is between 0 and 1”.

Subsets and Constructions

Once we have sets we are familiar with, it is useful to be able to create new sets from old. A key example
is a subset, which is a set that is contained in another set. There are also some other constructions that are
useful to review.

Definition 2. Let A and B be sets. We say that B is a subset of A, denoted by B C A, if and only if for
all b€ B we have b € A. If B C A but B # A, then we say that B is a proper subset of A.

Remark 1. If B C A, then it is common to say that B is contained in A or that A contains B. In the latter
case we might denote the relationship by A O B.

The relation C is called inclusion (more on relations below). It is common to denote inclusion that is not
necessarily strict by B C A and an inclusion that is strict by B C A. Note that B C A and B C A have the
same mathematical meaning.

Example 2. Some simple examples of inclusions are
1. For the commonly used sets listed in Example 1.3, we have
NCcZcQcRcC

2. For any set A, we have
fcAand ACA

We can construct sets directly, but we can also construct new sets from sets we already have lying around.
There are three important basic operations to construct new sets from old.



Definition 3. Let A and B sets.

1. The union of A and B, denoted by A U B, is defined by

AUB={z |z € Aor x € B}

2. The intersection of A and B, denoted by A N B, is defined by

ANB:={z |z € Aand x € B}

3. The difference of B from A, denoted by A\ B, is defined by

A\B={z |z € Aand z ¢ B}

It is often the case that the context provides a “universe” of possible elements pertinent to the given discussion
with which to build our sets. Suppose we are given such a set of “all” elements and let us call it U. Then
the complement of a set A, denoted by A€, is defined as

A =U\ A

It is often assumed that U is given, and it is almost never referenced explicitly in the kinds of things that
will be looked at this summer.

Theorem 1. Let A, B, and C be sets. Then,

1. [Distributivity] AN(BUC) = (ANB)U(ANC) and AU (BNC) =
(AUB)N(AUCQ).

2. [De Morgan’s Laws] (AU B)¢ = A°N B¢ and (AN B)°¢ = A°U B°.

3. [Relative Components] A\ (BUC) = (A\B)N(A\C) and A\ (BNC) =
(A\B)U(A\C).

Proof. Tt is a good exercise in the basic properties of sets and these basic operations to work out the proofs
of each point above. O

The final useful and powerful construction to form new sets from old is the Cartesian product.

Definition 4. Let A and B be sets. Then the Cartesian product of A and B, denoted by A x B, is the
set of all ordered pairs (a,b) with a € A and b € B. In other words,

Ax B:={(a,b) |ac Aand be B}

Remark 2. As a preview of a more sophisticated way to think of the Cartesian product is the notion of a
universal property. It can be stated in the following theorem. If this seems like a little bit of a weird thing
to think about, don’t worry too much. It’s placed here so that you can see a way that some concepts in
mathematics are thought about.

Theorem 2 (Universal Property of the Product of Sets). Let A and B be sets. For any set C and functions
f:C = Aandg: C — B, there exists a unique function C — A X B such that the following diagram
commutes' .

1A diagram or collection of objects and arrows is said to commute if any paths that start and end at the same points are
equivalent.



C

(f:9)| \

A<7A><B—>B

where pra and prg are the projections onto A and B from A x B, respectively. That is, pra sends (a,b) to
a, and prg sends (a,b) to b.

We denote this function by (f,g) : C — A x B where (f,g)(c) = (f(¢), g(c)).

That is, we have that?
prao(f,g)=fandprgo(f.g9) =y

and moreover, (f,g) is the only function for which this is true.

Proof. Let f: C — A and g : C — B be as in the proposition statement. A function h : C' = A x B is
equivalent to providing an element h(c) of A x B for all ¢ € C.

Our goal is to find such a function h = (f, g) such that

per(fag) and pbrp o (fyg) =

Now, an element of A x B is (by definition) an ordered pair (a,b) with a € A, b € B. We can use the fact
that (f,9)(c) = (a,b) if and only if

a=pra(a,b) = f(c) and b = prg(a,b) = g(c)

Thus, it is necessary and sufficient to define

(f,9)(c) = (f(c), 9(c))
for all ¢ € C. O

Remark 3. Note that this universal property does not say that the Cartesian product A x B is unique, only
that the function (f,g) : C — A x B is unique. This is commonly referred to as “factoring uniquely through
Ax B”. In this sense we can think of the universal property as saying that the Cartesian product A x B is the
smallest set which has two projections that behave in this way. More importantly, we can take this universal
property as saying that the Cartesian product is a set Ax B for which the sets {pairs of maps C — A,C — B}
and the set {maps C' — A x B} are in a certain natural correspondence for every set C.

Relations

Above it was mentioned that the notion of subset inclusion is actually a relation. Relations appear all over
in mathematics and here we will state some basic terminology and concepts for them.

Definition 5. A relation R between elements of a set A and elements of a set B is a subset of their
Cartesian product: R C A x B. If B = A then R is called a relation on A.

2These equations are simply restatements of the fact that the diagram above commutes.



This is a very general definition. It essentially says that a relation is simply any subset of the Cartesian
product of sets. In order to make the notion of a relation more useful we have the following kinds of relations.

Definition 6. Let A be a set and R a relation on A. Then,

1. R is called reflexive if for all a € A, (a,a) € R.
2. R is called symmetric if for all a,b € A, if (a,b) € R then (b,a) € R.

3. R is called antisymmetric if for all a,b € A such that (a,b) € R and
(b,a) € R, a=b.

4. Ris called transitive if for all a,b, ¢ € A such that (a,b) € R and (b,c) € R,
then we have that (a,c) € R.

Note. It is common to denote a relation by aRb for a,b € A. That is, (a,b) € R is instead written as aRb.

We can use the four properties above to define two very important kinds of relations. These two relations
generalize ways that we commonly compare things.

Definition 7. Let R be a relation on a set A. Then,

1. R is an order relation if R is reflexive, antisymmetric, and transitive.

2. R is an equivalence relation if R is reflexive, symmetric, and transitive.

An example of an important relation that has already been mentioned is the notion of a subset. In order to
see this, we need the notion of a power set.

Definition 8. Let A be a set. The power set of A, denoted by P(A), is the set of all subsets of A. That
is,

P(A) = {B| B c A}

The inclusion relation can then be defined as the relation R, with
R={(B,C)eP(A) xP(A) | BcC}

It is common to denote (B, ) € R by the usual inclusion symbol:

(B,C)eR < BCC

Proposition 1. Inclusion as defined above is an order relation.

Proof. This is another good exercise. In order to prove the proposition you will need to prove that inclusion
is reflexive, antisymmetric, and reflexive. Explicitly, this means showing:

1. [Reflexivity] For all B € P(A), B C B.
2. [Antisymmetry] For all B,C € P(A), if BC C and C C B, then B = C.
3. [Transitivty] For all B,C,D € P(A), if BC C and C C D, then B C D.

Finally, we have the notion of an inverse relation.
Definition 9. For any relation R C A x B, the inverse relation, denoted by R~ C B x A, is defined by
R™':={(b,a) € Bx A| (a,b) € R}



Functions

Functions between sets are a fundamental concept in mathematics. For the most part everything in here
should definitely be review, but I find it useful to have the definitions of things written down, so I believe
this section is useful to have.

Definition 10. Let A and B be sets. A function with domain A and codomain B, denoted f : A — B,
is a relation between elements A and B such that for all a € A, there is a unique b € B such that (a,b) € f.
The symbol commonly used to denote (a,b) € f for a function f : A — B as a relation is an arrow: a — b
means (a,b) € f.

Remark 4. Tt is not necessary, and a bit cumbersome, to think of a function as a relation. A more convenient
notation is what we are most familiar with: a — b is written as f(a) = b. Furthermore, if f is a function,
then by definition we have that if f(a) = b and f(a) = ¢, then b = ¢. That is, for every a € A there is
exactly one b € B such that f(a) = b. You may have seen this in the context of saying that a function is
“well-defined”.

Definition 11. Let f : A — B be a function from a set A to a set B, and let a € A and b € B be such that
a — b, that is, f(a) = b. Then,

1. b is called the image of a under f.

2. When A and B are sets of numbers, it is common to refer to a as the
argument of the function f and b as the value of the function f at a.

Remark 5. The requirement that there is an image b € B for all a € A is sometimes relaxed in the sense
that the domain of the function is a, sometimes not explicitly specified, subset of A. Note, however, that a
function is not properly defined unless we also are given its domain.

There are some basic terms that are used often:

Definition 12. Let A and B be sets and f: A — B a function from A to B. The graph of f is the subset
G of A x B defined by

G = {(a, f(a)) | a € A}
Note. This definition relies on the definition of a function as a relation.

Definition 13. Let A and B be sets and f : A — B a function between them.

1. The range of f : A — B, denoted by range(f) or f(A), is the subset of the
codomain B consisting of all b € B that are the image of an a € A:

f(A) == {b € B | there exists a € A such that b= f(a)}

2. The pre-image of b € B is the subset of all a € A such that b is in their
image. This is commonly denoted by f~1(b) and is defined by

f7H0) ={a€ Al fa) =0}
Note. f~1 =0 if and only if b € B\ f(A).

Functions are everywhere in mathematics and as such a large vocabulary around them has been developed.
A common term for a function is a map. When the domain and codomain are the same the term transfor-
mation is often used instead of function. In particular, there are various words for special kinds of functions
in different contexts with special properties. The three most basic properties are given in the following
definition.



Definition 14. Let f : A — B be a function between the sets A and B. Then we call f

1. injective or an injection if f(a) = f(b) implies a = b. An injective function
is also called one-to-one. This is sometimes denoted with a hooked arrow:
f:A— B.

2. surjective or a surjection if f(A) = B. A surjective function is also called
onto. This is sometimes denoted with an arrow with two heads: f: A - B.

3. bijective or a bijection if f is both surjective and injective, i.e. one-to-
one and onto. A bijective function is also called a one-to-one correspon-
dence. This is sometimes denoted with a double headed arrow: f: A < B,
although this notation seems to be less common.

In other words, f is injective if no two elements of the domain have the same image, and f is surjective if
each b € B is the image of at least one a € A. If f is a bijection then f gives a relation between the elements
of A and the elements of B such that each element of either set is paired with exactly one element of the
other set.

Definition 15. Let f: A — B and g : B — C be two functions so that the codomain of f coincides with
the domain of g. The composition of f and g, denoted g o f, is the function go f : A — C defined by

a—g(f(a)).
Note. 1t is useful to think of composition as first doing f and then doing g.

Definition 16. For every set A, the identity map, denoted id4 or simply id when the set is clear, is the
function id4 : A — A from A to itself defined by

ida(a) =a foralla € A

Note. 1t is useful to think of the identity map as the “do nothing” function.

If f: A— B is a bijection, then there is a sense in which we can “undo” the function. This is encoded in
the notion of an inverse function.

Definition 17. Let f : A — B be a bijection between sets A and B. Then, f is invertible, that is, the
inverse relation is also a function, denoted by f~!, and is the unique bijection f~' : B — A such that
flof=1idgand fo f~! =idg. We commonly refer to f~! as the inverse of f.

Note. A word of caution: it is common to use f~1(B) to refer to either the pre-image of B under the function
f or the image of B under the inverse function f~'. It should be clear that the second meaning is only
possible when the inverse function exists. Moreover, it is hopefully clear that the two meanings coincide
when f is invertible.

We end this section with a few propositions that should be simple to prove. The proofs of all three are left
as an exercise.

Proposition 2. Let A be a set and id its identity map. Then id is unique.

Proof. Exercise. O

Proposition 3. Let f : A — B be a bijection. then its inverse f~': B — A is unique.

Proof. Exercise. O



Proposition 4. Let f : A — B and g : B — C be bijections. Then their composition go f is a bijection and

(gof)y =flog™

Proof. Exercise. O

Binary Operations

Given an arbitrary set S it is best to not assume there exists some “structure” (algebraic or otherwise) on S
unless there is context that suggests otherwise. That is, the elements of S can only ever be related to each
other in a subjective manner.

However, suppose we are given S = R, the set of real numbers. Then, our experience going through school
suggests there is a lot of “structure” that already exists. For example, given two numbers p, ¢ € R, we could
form their sum p + ¢, difference p — ¢, product p * ¢ or pq, quotient p + g or p/q (assuming g # 0), the
maximum max{p, ¢}, the minimum min{p, ¢}, the average (p + ¢)/2, and so on.

Notice how each operation has the same basic form: take in two real numbers and combine or compare them
in some way to form a new real number. Moreover, each operation imposes a sense of “structure” within R
by relating two real numbers to each other. This idea can be abstracted as follows.

Definition 18. A binary operation on a nonempty set S is any function which has S x S as its domain
and S as its codomain.

In other words, a binary operation is a rule which assigns exactly one element of S to each pair of elements
in S:

f:5x858—=S
(s1,82) = f(s1,82) = s3

Example 3. Some examples of binary operations that you might be familiar with are:

1. Addition, subtraction, and multiplication are familiar examples of binary
operations on the real numbers R. We formally denotes these by

+,—, % : RxR—=>R

Given two real numbers p, g € R, it is easier to represent the operations by
the notation we are familiar with:

+(pa) =p+q
—(p9)=p—q
(p,q) =p*q:=pq
where multiplication is commonly denoted by juxtaposing elements.

2. Division, + : R x (R \ {0}) — R is not a binary operation on R as it does
not have the proper domain. However, + : R* x R* — R* is a binary
operation on R* | where we use the nicer notation R* := R\ {0}.



3. Other binary operations on the real numbers are

max: R xR — R
min: RxR — R
avg : R xR — R

Notice how binary operations are only imposing structure within a set. In many settings it is equally useful
to additionally impose structure on a set.

Definition 19. A scaling operation or external binary operation on a nonempty set S is any function
which has domain F x S and codomain S, where F is an arbitrary field (think R or C).

In other words, a scaling operation is a rule ¢ : F x S — S which assigns exactly one element t(«, s) € S to
each pair (o, s) € F x S. Tt is useful to think of a scaling operation as “scaling” an object in the colloquial
sense, that is, without changing the “type” of the object. We typically denote ¥ («, s) by as or ¥, (s).

Groups, Rings, and Fields

The notion of a group might be familiar, but let’s review it anyways. We will later give a more sophisticated
definition of a group.

Definition 20. Let G be a nonempty set, and let * : G Xx G — G be a binary operation on G, that is,
*x: G X G — G is a function and we denote *(a,b) = a * b for every a,b € G.

Then, G is said to form a group under *, or simply (G, %) is called a group, if the following properties are
satisfied:
(G1) [Associativity] Given any a,b,c € G,
(axb)xc=ax*(bxc)
(G2) [Identity] There is an element e € G such that for any element a € G,

exa=a*xke=a

(G3) [Inverses] For any element a € G, there is an element b € G such that

axb=bxa=c¢e
Properties (G1), (G2), and (G3) are called the group axioms.

Notice how the operation of addition on R satisfies all three group axioms. This is no coincidence. In
particular, given «, 8 € R, the group axioms form the minimal set of assumptions needed in order to solve
the equation

r+a=0
for the variable . In this sense the group axioms are an abstraction of the most fundamental properties of

the addition of real numbers.

The group axioms are very general and as such are very useful for building more complicated algebraic
structures. This is done through adding more axioms.



Definition 21. Let G be a group under the binary operation *. Then, G is called an abelian group or
commutative group, or simply abelian or commutative, if, for any two elements a,b € G, it is true that

axb=bxa

Most of the important sets in linear algebra (e.g. rings, fields, modules, vector spaces, algebras, etc.) possess
some type of algebraic structure and abelian groups are the principal building block of virtually every one
of these algebraic structures. In particular, each one can be regarded as “abelian groups plus structure”.

Note. The common notation for groups is to use + for an abelian group and * or juxtaposition for a group
that is not necessarily abelian. This is due to the fact that Z with addition is the prototypical abelian group.

The next two structures that might feel familiar are rings and fields. A ring is a set with two operations,
one which emulates addition, and one that emulates multiplication. More formally, we have the following.

Definition 22. Let R be a nonempty set, and let + and * be binary operations on R. Then, R forms
an (associative) ring under + and *, or simply (R, +, ) is an (associative) ring if the following three
conditions are satisfied:

(R1) R forms an abelian group under +.
(R2) [Associativity] Given any three elements a,b, ¢ € R,

ax(bxc)=(axb)*c

(R3) [Distributivity] Given any three elements a,b,c € R,

ax(b+c)=axbt+axc
(a+b)*xc=axc+bxc

Properties (R1), (R2), and (R3) are called the ring axioms.

As with groups, there are several useful axioms we can add on.

Definition 23. Let R be a ring under the binary operations 4+ and *. Then, we call R

1. commutative if % is a commutative operation, that is, if a x b = b x a for
all a,b € R.

2. unital or a ring with unity if there is an identity element for *, that is,
if there exists an element 7 € R such that for any given a € R,

axi=1%xa=a
3. a commutative ring with identity if R is both commutative and unital.

4. a skew field or division ring if R forms a group under x.

We could add one more axiom to define a field, but this is an important concept, so it is is better to give it
its own definition:

Definition 24. Let F' be a nonempty set, and let + and * be binary operations on F. Then, F forms a
field under + and *, or simply (F,+, %) is a field, if the following three conditions are satisfied:
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(F1) F forms an abelian group under +.

(F2) F* := F\ {0} forms an abelian group under *, where 0 denotes the
identity for +.

(F3) [Distributivity] Given any three elements a,b,c € F,

ax(b+c)=axbt+axc

Properties (F1), (F2), and (F3) are called the field axioms.

The field axioms are satisfied by addition and multiplication on R (hence the notation). This is again no
coincidence! As with the group axioms, the field axioms are the minimal set of assumptions needed in order
to abstract the fundamental properties of the familiar operations of addition and multiplication on R. In
particular, the field axioms guarantee that given any field F', three important properties hold true.

Proposition 5. Let F' form a field under the operations + and . Then,

1. Given any a,b € F, the equation
r4+a=>
can be solved for the variable x.
2. Given any a € F* and b € F, the equation
axx ="
can be solved for the variable x.

3. The operation x can be distributed over the operation +.

Proof. Exercise. This should mostly be following the definitions. O
Note. In particular, this proposition says that a field is also a ring.
It can also be seen that a commutative ring with identity is almost a field. The only thing missing is that

every element may not have a multiplicative inverse. Furthermore, a division ring is almost a field, but need
not be an abelian group under .

Remark 6. A good way to think of the various distributivity properties is that the operations + and * are
in some sense “compatible” with each other. This concept shows up very often in mathematics. In the same
vein we can think of group, ring, or field homomorphisms or isomorphisms as functions on the underlying
sets that in some sense are “compatible” with the group, ring, or field operations.
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